We compute logarithmic corrections to the entropy of rotating extremal black holes using quantum entropy function i.e. Euclidean quantum gravity approach. Our analysis includes five dimensional supersymmetric BMPV black holes in type IIB string theory on T 5 and K3×S 1 as well as in the five dimensional CHL models, and also non-supersymmetric extremal Kerr black hole and slowly rotating extremal Kerr-Newmann black holes in four dimensions. For BMPV black holes our results are in perfect agreement with the microscopic results derived from string theory. In particular we reproduce correctly the dependence of the logarithmic corrections on the number of U(1) gauge fields in the theory, and on the angular momentum carried by the black hole in different scaling limits. We also explain the shortcomings of the Cardy limit in explaining the logarithmic corrections in the limit in which the (super)gravity description of these black holes becomes a valid approximation. For non-supersymmetric extremal black holes, e.g. for the extremal Kerr black hole in four dimensions, our result provides a stringent testing ground for any microscopic explanation of the black hole entropy, e.g. Kerr/CFT correspondence.
Introduction and summary
Supersymmetric extremal black holes enjoy a certain set of non-renormalization properties, and this makes them a very useful testing ground for comparing the macroscopic predictions for the entropy against the microscopic entropy [1, 2] . In particular for a class of N = 4 supersymmetric string theories in four dimensions one can use Wald's formula [3] [4] [5] [6] adapted to BPS black holes [7] [8] [9] for computing higher derivative corrections to the black hole entropy, and the results are in remarkable agreement with the microscopic results [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Nevertheless, as there have been other attempts to explain extremal black hole entropy without making direct use of string theory [21, 22] , it is useful to explore to what extent string theory can do better than these general methods, particularly in situations where quantum gravity corrections to black hole entropy become important.
A generalization of Wald's formula, based on path integral over various fields in the near horizon geometry of the black hole, can be used to compute quantum corrections to the extremal black hole entropy [23, 24] . 1 Recently this method has been used to compute logarithmic corrections to the entropy in a class of four dimensional N ≥ 2 supersymmetric string theories [25] [26] [27] [28] . These corrections are particularly interesting since unlike higher derivative corrections which are highly sensitive to the specific string theory under consideration and may not exist e.g. in a different approach to quantizing gravity, the logarithmic corrections exist in any generic theory of gravity. Furthermore they are determined purely from the low energy data -spectrum of massless fields and their interactions -and are insensitive to the spectrum of massive fields and higher derivative corrections. At the same time, they are not universal since they are sensitive to what kind of massless fields the theory has, and also their interactions. Thus once we compute these logarithmic corrections from the low energy data, they will provide a testing ground for any proposed ultraviolet completion of gravity and the description of black hole microstates in this theory. A microscopic theory that does not reproduce the correct logarithmic corrections must not be the correct microscopic theory of gravity.
So far the computations have been done for spherically symmetric black hole solutions and whenever microscopic results are available in string theory, e.g. in N = 4 and N = 8 string theories in four dimensions [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] 29] , the microscopic and the macroscopic results for the logarithmic corrections are in perfect agreement. For N = 2, 3 and 6 supersymmetric theories in four dimensions there are definite predictions for the logarithmic corrections from 1 As has already been emphasized in the past, extremal black holes refer to extremal limit of non-extremal black holes. On the macroscopic side this is apparent from the form of the Euclidean AdS 2 metric (2.1), which is an analytic continuation of the Lorentzian near horizon metric −(r 2 − 1)dt 2 + dr 2 /(r 2 − 1) (r = cosh η, t = −iθ). This near horizon geometry arises in the zero temperature limit of black holes and still has a bifurcate Killing horizon at r = 1. The gravity / string theory partition function in this geometry is then compared with the microscopic partition function T r(e −H/T ) in the zero temperature limit, which, for a gapped system, approaches d 0 e −E0/T where E 0 is the ground state energy and d 0 is the ground state degeneracy. (n V + 3) ln Λ Table 1 : Logarithmic corrections to the entropy of a BMPV black hole in type IIB string theory compactified on K3 × S 1 / Z Z N for N = 1, 2, 3, 5, 7. n V ≡
N+1
+ 3 denotes the total number of U(1) gauge fields in the five dimensional theory. The entropy given in this table counts the number of states with fixed values of the total angular momentum as well as the third component of the angular momentum and hence does not include the degeneracy factor of (J + 1) from the multiplicity of SU(2) L spin J/2 states. Each of the results in this table has been calculated independently in the macroscopic and microscopic description and in each case we find perfect agreement between the two sides.
the macroscopic side [27, 28] , but no microscopic results are available yet. Some results for non-BPS black holes are also available [27] from the macroscopic side and yet others have been proposed [28] but there are no known microscopic results to compare them with.
In this paper we extend the computation to extremal rotating black holes. Before we describe our results it is necessary to say a few words about the ensemble in which we compute the entropy. It follows from the general analysis of [23] that the extremal black hole computes the entropy in the microcanonical ensemble, carrying fixed charges associated with all the gauge fields on AdS 2 . In this case the massless gauge fields on AdS 2 include all the Maxwell fields of the original theory as well as the gauge fields arising out of the metric due to rotational isometries of the black hole solution. For a rotating black hole carrying SU(2) angular momentum J 3 = j, only the isometry associated with rotation about the third axis gives rise to massless gauge fields in AdS 2 and hence the entropy computed by quantum entropy function counts states with fixed J 3 = j without any restriction on the total angular momentum.
We shall denote by d(j) the degeneracy of states with this restriction. We can also introduce another ensemble in which we fix the total angular momentum J 2 to j(j + 1) besides fixing J 3 to j. The corresponding degeneracy will be denoted by d(j). The latter is the relevant number for j = 0 since a black hole with j = 0 will have full SU(2) isometry and as a consequence quantum entropy function will count states for which all components of the angular momentum are fixed to 0. We note however that d(j) and d(j) are related by the simple relation d(j) = d(j + 1) − d(j); thus knowledge of one determines the other. We shall in fact see that for generic j, d(j + 1) is related to d(j) by a multiplicative factor of order unity (it follows from the fact that entropy scales in the same way as j), and hence ln d(j) and ln d(j) differ by an additive term of order unity and have identical logarithmic corrections. The situation changes when j takes value that is parametrically smaller than the generic value; this case will be discussed separately later.
Another remark that is relevant for the supersymmetric black holes is the relation between index and entropy. Black holes compute degeneracies whereas the quantity that is robust against changes of parameters and hence can be compared between the macroscopic and the microscopic results is an appropriate supersymmetric index. It has however been argued in [30, 31] that for a supersymmetric black hole quantum entropy function also computes an index and hence we can directly compare the results obtained from quantum entropy function with the index computed in the microscopic theory. This argument will be reviewed in §4.2.
We consider two classes of examples, -BMPV black holes in five dimensions [2] and extremal rotating black holes in four dimensions. For the former explicit microscopic results are known [18, 32] and our results are in perfect agreement with these results. We have shown in table 1 the logarithmic corrections to the entropy of a BMPV black hole in type IIB string theory compactified on K3 × S 1 / Z Z N where N is a prime integer (1, 2, 3, 5 or 7), and the Z Z N acts as a shift along S 1 and a transformation on K3 that preserves 16 supersymmetries. For N = 1 this reduces to the original BMPV black hole in type IIB in K3 × S 1 [2] while other values of N correspond to BMPV black holes in five dimensional CHL models [33] [34] [35] [36] . n V ≡
+ 3 denotes the total number of U(1) gauge fields in the five dimensional theory including any vector field that can come from dualizing a 2-form field, e.g. for N = 1 we have n V = 27. The classical black hole solution under consideration carries Q 1 units of D1-brane charge along S 1 , Q 5 units of D5-brane charge along K3 × S 1 , −n/N units of momentum along S 1 and
. The table
shows the results for the logarithmic corrections to the entropy in the limit when Λ is large. Each of the results in this table has been calculated independently in the macroscopic and microscopic description and in each case we find perfect agreement between the two sides. For this comparison we need to ensure the correct choice of ensemble on the microscopic side, so that the result can be compared with the microcanonical entropy that the macroscopic side computes. There are two relevant ensembles: in the first one J 2 R = 0 and J 3L is fixed at J/2 and in the second one J 2 R = 0, J 3L is fixed at J/2 and J 2 L is fixed at
). Both ensembles of course have all the charges fixed. As discussed above, a direct macroscopic calculation gives the entropy in the first ensemble for J = 0 and in the second ensemble for J = 0. We have however used the known relation between the entropies in the two ensembles to express all the results in table 1 in the second ensemble. Also important for this comparison is the relation between the index and entropy for black holes preserving four supersymmetries [30, 31] so that we can sensibly compare the entropy on the macroscopic side to the logarithm of the index computed on the microscopic side. Finally, this analysis can be easily generalized to other allowed values of N and with K3 replaced by T 4 using the results of [19, 20] , with the only difference that the simple relation between N and n V will be lost, and some of the modular functions which will appear later in our microscopic formula will have a more complicated form.
Our results also hold for BMPV black holes in type IIB string theory compactified on T 5 .
In fact on the macroscopic side there is no difference between the analysis in the CHL models or T 5 compactifications, except that in the latter case n V has a specific value 27. Thus for the scaling Q 1 , Q 5 , n ∼ Λ, J ∼ Λ 3/2 the result for logarithmic correction to the entropy takes the
On the other hand for Q 1 , Q 5 , n ∼ Λ, J = 0 we get a logarithmic correction of the form:
The computation on the microscopic side is quite different since we have a completely different microscopic formula [37] . Nevertheless the final results agree precisely with (1.1) and (1.2).
In computing the entropy of the black hole from the microscopic side one often invokes the Cardy formula [38, 39] . Since the underlying CFT has central charge of order Q 1 Q 5 and the black hole describes an ensemble of states with vanishingL 0 eigenvalue and L 0 eigenvalue of order n, the central charge scales as Λ 2 and the L 0 eigenvalue scales as Λ in the scaling limit we are considering. Thus the Cardy formula is not directly applicable. But one often uses the intuition that the CFT describing the D1-D5 system is a sigma model whose target space is the symmetric product of Q 1 Q 5 copies of K3 (or T 4 ) [40] , and the twisted sector of this theory has long string excitations whose dynamics is described by an effective CFT with central charge of order one and L 0 eigenvalue of order Q 1 Q 5 n ∼ Λ 3 [41, 42] . This effectively amounts to keeping Q 1 , Q 5 fixed and scaling n as Λ 3 , and Cardy formula can be applied. We have examined the microscopic formula to examine the behaviour of the index in this limit with J ∼ Λ 3/2−α for α ≥ 0. We find that while for type IIB string theory on T 5 the result agrees with the one shown in table 1 for n V = 27, for the CHL models (including type IIB string theory on K3 × S 1 ) the logarithmic correction to the log of the index is given by −α ln Λ, which is quite different from the actual result − 1 4
(n V − 3 + 4α) ln Λ (see table 1 for α = 0 and eq.(1.4) below for general α). This mismatch for the CHL models shows that it is not always possible to extract the logarithmic correction to black hole entropy by examining the corresponding formula in the Cardy limit.
For non-supersymmetric extreme Kerr black holes in four dimensions our result for logarithmic correction to the entropy takes the form:
if, besides gravity, the theory contains n S minimally coupled massless scalar, n V minimally coupled massless U(1) gauge fields, n F minimally coupled massless Dirac fermions and n 3/2 minimally coupled massless real Rarita-Schwinger fields. Here A H is the area of the event horizon. It will be interesting to explore if (1.3) can be explained using Kerr/CFT correspondence [22] , which is an attempt to explain the origin of extremel Kerr black hole entropy by postulating the existence of a (1+1) dimensional conformal field theory dual to gravity in the near horizon geometry of the black hole.
Besides the scaling limits discussed above, we also consider the cases of slowly rotating black holes -black holes for which the angular momentum is parametrically smaller than the other charges so that the contribution of the angular momentum to the entropy becomes negligible in the scaling limit. For example for BMPV black holes we can consider the scaling limit Q 1 , Q 5 , n ∼ Λ and J ∼ Λ 3 2 −α for some positive constant α. In this case the computation of the macroscopic entropy requires some additional assumptions about the spectrum of the kinetic operator in the background of such slowly rotating black holes. With this our result for the logarithmic correction to the entropy, in the ensemble in which J ( J 2 + 1), is given by
This agrees with the microscopic results in the same ensemble. We also consider slowly rotating extremal Kerr-Newmann black hole carrying charge q and angular momentum J, with rotation parameter γ ≡ J/q 2 ∼ J/A H small. In this case we get a logarithmic correction of the form 5) if the theory contains, besides the metric and the Maxwell field under which the black hole is charged, n S minimally coupled massess scalar field, n V minimally coupled additional massless vector fields and n F minimally coupled massless Dirac fermions. (1.5) refers to the entropy computed in an ensemble with fixed charges, J 3 = J and J 2 = J(J + 1).
Various other earlier approaches to computing logarithmic corrections to black hole entropy can be found in [39, [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] . Since in [27] we have given a detailed comparison between our method and the method of [47, 58, 59 ] -which is closest to the method we use -we shall not repeat the discussion here. However it will be prudent to point out that the naive application of the method of [47, 58, 59] would give zero result for the logarithmic correction to the BMPV black hole entropy, since the trace anomaly on which their computation is based vanishes in odd dimensions. The reason that we get a non-zero result is due to the zero modes which must be treated separately, and is not correctly accounted for in the trace anomaly based approach. For extremal Kerr black hole the analysis of [47, 58, 59] would correctly give the dependence on n S , n V , n F and n 3/2 in (1.3) but would give the constant term to be 424 instead of 64. This is again due to the additional corrections due to graviton zero modes which have been included in (1.3).
The rest of the paper is organized as follows. In §2 we describe the procedure for computing logarithmic correction to the entropy of an extremal rotating black hole, generalizing our earlier analysis for spherically symmetric extremal black holes. In §3 we apply the results of §2 to compute the logarithmic correction to the entropy of an extremal Kerr black hole in four dimensions, arriving at the result (1.3). In §4 we repeat the analysis for five dimensional BMPV black hole in the limit when all the charges are scaled simultaneously by some large number Λ, and arrive at the results given in table 1. In §5 we carry out the microscopic analysis of the entropy of BMPV black holes in the same scaling limits and reproduce the results of table 1 and eq.(1.4). We find however that while the macroscopic analysis takes identical form for toroidal compactification of type IIB string theory and the CHL models, the microscopic analysis for these models are quite different. Nevertheless at the end the microscopic and the macroscopic results agree for all models. In §6 we compute logarithmic correction to the entropy of slowly rotating BMPV black holes in five dimensions and extremal Kerr-Newmann black hole in four dimensions and arrive at eqs.(1.4) and (1.5). In appendix A we review the counting of zero modes for different fields which play an important role in the macroscopic computation of logarithmic corrections to the entropy.
We shall end this section by drawing some general lessons from our analysis. Since quantum entropy function approach is rooted in Euclidean quantum gravity [60] , what the results of this paper and those in [25, 26] show is that Euclidean quantum gravity provides us with an accurate description of the quantum corrections to black hole entropy. Of course Euclidean quantum gravity path integral suffers from the usual ultraviolet divergences of gravity, but some computations, e.g. logarithmic corrections to black hole entropy, are insensitive to the ultraviolet completion of the theory and are determined solely by the infrared theory [59] . Thus we can in principle use Euclidean quantum gravity to calculate even the entropy of nonextremal black holes, and any consistent ultraviolet completion of the theory must reproduce these results. This could provide a strong check on any proposed ultraviolet completion of gravity, if the latter provides an independent derivation of the logarithmic correction to the black hole entropy.
General strategy
In [25] [26] [27] we used the quantum entropy function [23] to compute logarithmic corrections to the entropy of four dimensional spherically symmetric extremal black holes with AdS 2 × S 2 near horizon geometry. In this section we shall generalize this analysis to rotating extremal black holes in arbitrary dimensions.
Partition function in the near horizon geometry
Rotating extremal black holes are expected to have an AdS 2 factor in their near horizon geometry [61] [62] [63] [64] [65] , possibly fibered over some other directions. Besides the AdS 2 factor the near horizon geometry consists of various other compact directions, some of which could be inherited from the compact directions of the asymptotic geometry while others could be the angular coordinates of the non-compact part of the asymptotic space-time. Our goal will be to compute logarithmic corrections to the entropy in certain scaling limit in which the various charges grow in a certain way. In this limit some of these compact directions grow in size while the others remain fixed in size. We shall label by K the space spanned by the compact directions which grow in size, irrespective of whether they are inherited from the compact coordinates or the angular coordinates of the asymptotic space-time. Let d be the dimension of K. We shall Fourier decompose all string fields along the compact directions of fixed size and treat this as a (d + 2) dimensional theory with the (d + 2) coordinates containing the coordinates of AdS 2 and K. In what follows we shall denote the coordinates of AdS 2 by x, the coordinates along K by y and the coordinates (x, y) collectively by z. We shall for simplicity assume that the radius of curvature of AdS 2 and the sizes of the other large dimensions labelled by y are of the same order a, but this assumption can be easily relaxed. The Euclidean near horizon (d + 2) dimensional metric g µν can then be written as
where (η, θ) are the coordinates along AdS 2 , f (y) is some function of the coordinates y along K, and ds 2 K is constructed out of differentials which are invariant under the SL(2, R) isometry of AdS 2 . Note that we have explicitly factored out the large dimensional parameter a 2 so that f (y) and the metric ds 2 K are of order unity. Some examples of such metrics can be found in [62] (in a different coordinate system for labelling AdS 2 metric). It follows from the SL(2, R) isometry of AdS 2 that
for some function G(y) of order a d+2 . In particular G(y) has no dependence on the coordinates of AdS 2 . Let Z AdS 2 denote the partition function of string theory in the near horizon geometry, evaluated by carrying out functional integral over all the string fields weighted by the exponential of the Euclidean action S, with boundary conditions such that asymptotically the field configuration approaches the near horizon geometry of the black hole. Since in AdS 2 the asymptotic boundary conditions fix the electric fields, or equivalently the charges carried by the black hole, and let the constant modes of the gauge fields fluctuate, we need to include in the path integral a boundary term exp
µ are the gauge fields and q k are the corresponding electric charges carried by the black hole [23] . The list of gauge fields include all the gauge fields of the original theory, as well as any gauge field which might arise from dimensional reduction of the metric along the compact directions of the near horizon geometry. Thus we have
where Ψ stands for all the string fields. AdS 2 /CF T 1 correspondence tells us that the full quantum corrected entropy S macro is related to Z AdS 2 via [23] :
where E 0 is the energy of the ground state of the black hole carrying a given set of charges, and L denotes the length of the boundary of AdS 2 in a regularization scheme that renders the volume of AdS 2 finite by putting an infrared cut-off η ≤ η 0 . Let ∆L ef f (y) denote the quantum correction to the (d + 2) dimensional effective lagrangian density evaluated in the background geometry (2.1). Due to the SL(2, R) invariance, ∆L ef f is independent of the AdS 2 coordinates x but could depend on the coordinates y of the large compact dimensions. Then the quantum correction to Z AdS 2 is given by
The term proportional to cosh η 0 in the exponent has the interpretation of
where L = 2π sinh η 0 is the length of the boundary of AdS 2 parametrized by θ and
is the shift in the ground state energy. 2 Alternatively, this can be cancelled by a boundary counterterm which gives a contribution proportional to the length of the boundary ı.e. sinh η 0 . The rest of the contribution in the exponent can be interpreted as the quantum correction to the black hole entropy [23] . Thus we have
While the term in the exponent proportional to L and hence ∆E 0 can get further corrections from boundary terms in the action, the finite part ∆S macro is defined unambiguously. This reduces the problem of computing quantum correction to the black hole entropy to that of computing quantum correction to L ef f . If on the other hand we replace ∆L ef f in (2.6) by the classical Lagrangian density then we get back the Wald entropy [66] of the classical black hole. So far our analysis has been completely general without making any approximation. However if we are interested in computing the logarithmic correction to the entropy then we can focus on the contribution to ∆L ef f from the massless fields only [25, 26] . We shall now describe the general procedure for calculating one loop contribution to ∆L ef f (y) from massless fields.
Logarithmic correction from the non-zero modes
Let us suppose that the string theory under consideration contains a set of massless fields {φ i } (or fields of mass ∼ a −1 ) on AdS 2 × K. Here the index i could run over several scalar 2 In order to fix the normalization in the definition of L and E we need to fix the normalization of the metric on AdS 2 after dimensional reduction on K. We can for example take (dη 2 + sinh 2 ηdθ 2 ) as the definition of the metric on AdS 2 in which case the boundary has length 2π sinh η 0 . Any other normalization will simply rescale E and L in opposite directions without affecting the rest of the analysis.
fields, or the space-time indices of tensor fields. Let f
n (x, y) denote an orthonormal basis of eigenfunctions of the kinetic operator expanded around the near horizon geometry, with eigenvalue κ n :
where G ij is a metric in the space of fields induced by the metric on the near horizon geometry,
In (2.7), (2.8) we have assumed that we are working in a basis in which the eigenfunctions are real; if this is not the case then we need to replace one of the f
n 's there may be a special set of modes for which κ n vanishes. We shall denote these zero modes by the special symbol g
ℓ (x, y), normalized as
Note that due to the SL(2, R) symmetry, G ij K ij (x, y; x, y; s) and G ijK ij (x, y; x, y) depend only on y but not on x. Using orthonormality of the wave-functions we get
where ′ n denotes sum over the non-zero modes only. Since the one loop contribution to Z AdS 2 from the non-zero modes is given by
ln κ n ], the contribution to the one loop effective action can now be expressed as
13) where ǫ is an ultraviolet cut-off which we shall take to be of order unity, ı.e. string scale. Identifying (2.13) as the contribution to
we get the contribution to ∆L ef f (y) from the non-zero modes:
Substituting this into (2.6) we get the one loop contribution to ∆S macro due to the non-zero modes:
Since we have labelled by a 2 the overall scale factor in the metric, the non-zero eigenvalues κ n of the kinetic operator scale as 1/a 2 and hence K(y, s) −K(y) is a function ofs ≡ s/a 2 .
Thus it is more natural to express (2.15) as
In this case the logarithmic contribution to the entropy -term proportional to ln a -arises from the ǫ/a 2 <<s << 1, ı.e. ǫ << s << a 2 region in the s integral. 3 If we expand K(y; s) in a
Laurent series expansion ins = s/a 2 in the regions << 1, and if K 0 (y) denotes the coefficient of the constant mode in this expansion, then using (2.16) we see that the net logarithmic correction to the entropy from the non-zero modes will be given by
Zero mode contribution
The contribution to Z AdS 2 from integration over the zero modes can be evaluated as follows.
First note that we can use (2.9), (2.10), (2.11) to define the number N zm of zero modes:
In fact often the matrixK ij takes a block diagonal form in the field space, with different blocks representing zero modes of different sets of fields. In that case we can use the analog of (2.18) to define the number of zero modes of each block. If these different blocks are labelled by {A r } and we defineK 19) then the number of zero modes belonging to the r-th block will be given by
Typically these zero modes are associated with certain asymptotic symmetries, -gauge transformation with parameters which do not vanish at infinity. In this case we can evaluate the integration over the zero modes by making a change of variables from the coefficients of the zero modes to the parameters labelling the (super-)group of asymptotic symmetries. We shall use an a-independent parametrization of the asymptotic symmetry group so that the group composition laws and the range over which the parameters take value is a-independent. Suppose for the zero modes in the r'th block the Jacobian for the change of variables from the fields to supergroup parameters gives a factor of a βr for each zero mode. Then the net a dependent contribution to Z AdS 2 from the zero mode integration will be given by
As before we can interpret the term in the exponent proportional to cosh η 0 as a contribution to the ground state energy and the finite term as a contribution to ∆S macro . Adding this to (2.17) we get
We shall refer to the term proportional to
as the zero mode contribution although it should be kept in mind that only the term proportional to β r arises from integration over the zero modes, and the −1 term is the result of subtracting the zero mode contribution from the heat kernel to correctly compute the result of integration over the non-zero modes. The contribution from the fermionic fields can be included in the above analysis as follows.
Let {ψ i } denote the set of fermion fields in the theory. Here i labels the internal indices or space-time vector index (for the gravitino fields) but the spinor indices are suppressed. Without any loss of generality we can take the ψ i 's to be Majorana spinors satisfyingψ
C is the charge conjugation operator. Then the kinetic term for the fermions have the form
for some appropriate operator D. We can now proceed to define the heat kernel of the fermions in terms of eigenvalues of D in the usual manner, but with the following simple changes. Since the integration over the fermions produce (det D) 1/2 instead of (det D) −1/2 , we need to include an extra minus sign in the definition of the heat kernel. Also since the fermionic kinetic operator is linear in derivative, it will be convenient to first compute the determinant of D 2 and then take an additional square root of the determinant. This is implemented by including an extra factor of 1/2 in the definition of the heat kernel. We shall denote by K f 0 (y) the s-independent part of the trace of the fermionic heat kernel in the small s expansion after taking into account this factor of −1/2. To identify the zero modes however we need to work with the kinetic operator and not its square since the zero mode structure may get modified upon taking the square e.g. the kinetic operator may have blocks in the Jordan canonical form which squares to zero, but the matrix itself may be non-zero. 4 Let us denote byK f (y) the total fermion zero mode contribution to K f 0 (y). Then we arrive at an expression similar to (2.17) for the fermionic non-zero mode contribution to the entropy:
Next we need to carry out the integration over the zero modes. Taking into account the extra factor of −1/2 in the definition of the fermionic heat kernel we see that the analog of (2.20) for the total number of fermion zero modes N (f ) zm now takes the form
Let us further assume that integration over each fermion zero modes gives a factor of a −β f /2 for some constant β f . Then the total a-dependent contribution from integration over the fermion zero modes is given by
As usual the coefficient of cosh η 0 can be interpreted as due to a shift in the energy E 0 , whereas the η 0 independent term has the interpretation of a contribution to the black hole entropy. Combining this with the contribution (2.24) from the non-zero modes we arrive at the following expression for the logarithmic correction to the entropy from the fermion zero modes:
In other words, we can use (2.22) to represent contributions from both the bosonic and the fermionic modes provided we include the extra factors of −1/2 in the definition of the heat kernel and β r for the fermions. At the end of this process we are still left with an a-independent contribution from integration over the supergroup which contains both bosonic and fermonic zero modes. Using supersymmetric localization we can get finite result for this integral by canceling the infinities from the bosonic zero mode integration against the zeroes from the fermion zero mode integration [67, 68] . However since there is no a-dependence in this contribution we shall not discuss this any further.
Evaluation of K 0 (y)
In [25] [26] [27] K 0 (y) was evaluated for various fields by finding the eigenfunctions and eigenvalues of the kinetic operator in the AdS 2 × S 2 near horizon geometry. Since this is a difficult task in absence of rotational symmetry, we shall now describe an indirect method [69] [70] [71] [72] [73] [74] [75] [76] [77] for computing K 0 (y) which works under special circumstances. It can be argued on general grounds that the small s expansion of K(y; s) contains even (odd) powers of s 1/2 in even (odd)
dimensions (see e.g. [76] for a recent review). As a result K 0 (y), which is the coefficient of the s 0 term in the small s expansion of K(y; s), vanishes in odd dimensions. Thus in the rest of this subsection we shall restrict our analysis to the four dimensional (ı.e. d = 2) case. In this case one can show that [69] [70] [71] [72] [73] [74] [75] [76] [77] if we have purely gravitational background, e.g. as in the case of extremal Kerr black holes, then in a theory with n S minimally coupled massless scalar fields, n V minimally coupled massless vector fields, n F minimally coupled massless Dirac fields, n 3/2 minimally coupled massless spin 3/2 field and n 2 minimally coupled massless spin 2 fields, K 0 (y) is given by
where
In pure gravity R µν and R vanish for classical solutions, and (2.28) can be written as
In the presence of background electromagnetic field strength eq.(2.30) gets additional contribution involving powers of the background field strength. In principle one could write down the most general four derivative terms on the right hand side of (2.28) and calculate the coefficients of these terms by perturbative computation of the trace anomaly. Alternatively in supersymmetric theories one could invoke supersymmetry to constrain the terms on the right hand side of (2.28). In particular for theories with N ≥ 2 supersymmetry in four dimensions one can argue that (2.30) gives the exact result for K 0 (y) [27, 73] . In our analysis we shall mainly focus on solutions without any background flux and hence use (2.30).
Computation of β r
We shall now describe the procedure for computing β r for various fields following [27] . Let us begin with the contribution from an U(1) gauge field A µ . The path integral measure over A µ is normalized via
where, as mentioned earlier, z µ stand for both the coordinates x along AdS 2 and the coordinates y along the large compact dimensions. In the scaling limit we consider g µν can be written as
µν where a scales as some power of Λ and g
µν is an a independent constant metric. Thus we can express (2.31) as
From this we see that up to an a independent normalization constant, [DA µ ] actually corresponds to integration with measure µ,z d(a d/2 A µ (z)). On the other hand the gauge field zero modes are associated with deformations produced by the gauge transformations with non-normalizable parameters: δA µ ∝ ∂ µ Λ(z) for some functions Λ(z) with a-independent integration range. Thus the result of integration over the gauge field zero modes can be found by first changing the integration over the zero modes of (a d/2 A µ ) to integration over Λ and then picking up the contribution from the Jacobian in this change of variables. This gives a factor of a d/2 from integration over each zero mode of A µ . Comparing this with the definition of β r given above (2.21) we see that for gauge fields we have
The effect of integration over the zero modes of the fluctuations h µν of the metric (including those of the gauge fields arising from the dimensional reduction of the metric along the large compact dimensions) can be found in a similar way, with (2.31), (2.32) replaced by
Thus the correctly normalized integration measure, up to an a independent constant, is
. Now the zero modes of the metric are associated with diffeomorphisms with non-normalizable parameters: Next we turn to the contribution due to the zero modes of the gravitino field ψ µ . In this case eqs.(2.31), (2.32) are replaced by: The results of this subsection can be summarized in the relations Thus for example if we consider the extremal Kerr black hole in four dimensions whose near horizon geometry has a squashed sphere with U(1) symmetry besides the AdS 2 factor, we get a U(1) gauge field and a symmetric rank two tensor field on AdS 2 after we dimensionally reduce the metric on the squashed sphere. This gives a net contribution of 1 + 3 = 4 to 2π 
Extremal Kerr black hole in four dimensions
We now turn to the analysis of logarithmic corrections to the entropy of an extremal Kerr black hole solution in Einstein gravity. We take the gravitational part of the action to be
We shall assume that the theory has, besides the metric, n S minimally coupled massless scalars, n V minimally coupled massless vector fields, n F minimally coupled massless Dirac fermions and n 3/2 minimally coupled massless Majorana Rarita-Schwinger fields. The near horizon geometry of an extremal Kerr black hole in this theory is given by (see e.g. [61, 62] where the near horizon solution is written down in somewhat different coordinate systems)
2) where (φ, ψ) label the azimuthal and the polar coordinates, (r, t) denote the radial and the time coordinates and a is a constant related to the angular momentum J via the relation
3)
The classical Bekenstein-Hawking entropy of the black hole, obtained as 1/4G N = 4π times the area of the event horizon, is given by
In order to compute the logarithmic correction to the entropy we first write down the Euclidean near horizon geometry by replacing t by −iθ. We also introduce the new radial coordinate η = cosh −1 r for convenience. This gives
Substituting this into eq.(2.2) we get
Using (2.22), (2.27) and carrying out the φ integral we now get
where the sum over r runs over the bosonic as well as the fermionic fields.
We can now use (2.30) for computing K 0 (ψ). In this case R µν = 0, R = 0 and [78, 79]
This gives we get the non-zero mode contribution to the black hole entropy to be:
(3.11) This coincides with the results in [47, 58, 59] .
The contribution from the zero modes can be computed as follows. Possible zero modes in this case arise from the gauge fields and the metric, -since the black hole is non-supersymmetric there are no gravitino zero modes. Since here d = 2, (2.37) gives β v = 1 and β m = 2 [27] .
Eq.(2.22) now shows that the contribution from the gauge field zero modes, being proportional to (β v −1), vanishes. To find the contribution from the metric zero modes we note that since the near horizon geometry has U(1) rotational symmetry, the dimensional reduction of the metric along the (ψ, φ) direction gives a U(1) gauge field and a massless symmetric rank 2 tensor field on AdS 2 . According to the discussion in §2.6 we get a net contribution of (1 + 3) = 4 to 2π
The second term in eq.(2.22) now gives a net contribution of −4 ln a to S macro . Adding this to the non-zero mode contribution (3.11) we get the net contribution to ∆S macro to be 12) where A H ∝ a 2 is the area of the event horizon.
Let us denote by C tot the net coefficient of the ln A H term appearing in (3.12). In order to seek a microscopic explanation of this result we need to specify for which ensemble (3.12) gives the logarithmic correction to the entropy. As discussed in the introduction, this gives logarithmic correction to ln d(J), d(J) being number that counts all states with fixed J 3 = J and all gauge charges set to 0, but no restriction on J 2 . We can extract from this the number 
where S BH (J) = 2πJ is the classical Bekenstein-Hawking entropy given in (3.4) and · · · denote terms of order unity. It is easy to see using (3.4) that the right hand side is given by (e 2π − 1) times d(J). Thus the logarithmic correction to ln d(J) is the same as that for ln d(J), and is given by (3.12). It will be interesting to explore if Kerr/CFT correspondence [22] or any other approach could give us a microscopic explanation of (3.12).
BMPV black holes
In this section we shall analyze logarithmic corrections to the entropy of a five dimensional BMPV black hole in type IIB string theory on K3 × S 1 , as well as in a class of CHL models [33] [34] [35] [36] obtained by taking Z Z N orbifolds of type IIB string theory on K3 × S 1 . The Z Z N transformation acts by 2π/N shift along S 1 and an appropriate action on K3 that preserves 16 supersymmetries. Our analysis also holds for BMPV black holes in type IIB string theory on T 5 and its various orbifolds discussed in [19, 20] with the only change that the metric g mn in (4.2) represents metric on T 4 . This macroscopic result for logarithmic correction to the entropy will then be compared with the microscopic results derived in §5.
Some recent discussion on higher derivative corrections to five dimensional black hole entropy can be found in [31, [80] [81] [82] [83] [84] [85] [86] [87] [88] [89] . The results of these papers imply agreement between macroscopic and microscopic entropy at the leading order (charge 3/2 ) and the first subleading order (charge 1/2 ). The logarithmic corrections to be studied here constitute the next leading correction to the entropy.
The near horizon geometry
In the α ′ = 1 unit the ten dimensional action of type IIB string theory takes the form
where G M N is the ten dimensional string metric, Φ is the dilaton and F M N P is the RR 3-form field strength under which the D1 and D5 branes are electrically and magnetically charged. We shall choose the coordinate along S 1 such that S 1 / Z Z N has period 2πR 5 , and as we move 2πR 5 along this direction we come back to the same point on the circle but a Z Z N transformed point on K3. A unit momentum will be defined as 1/R 5 . Since there are four non-compact space directions, this theory has an SO(4) = SU(2) L ×SU(2) R rotational symmetry. We shall denote by J iL and J iR for i = 1, 2, 3 the generators of the SU(2) L and SU(2) R rotation groups. In this theory we consider a classical BPS black hole solution carrying Q 5 units of D5-brane charge along K3 × S 1 , Q 1 units of D1-brane charge along S 1 (including the −Q 5 units of D1-brane charge that is induced by wrapping Q 5 D5-branes on K3), −n/N = − n units of momentum along S 1 / Z Z N , J/2 units of J 3L charge and zero J 1L , J 2L and J iR charge [2] . The Lorentzian ten dimensional near horizon geometry takes the form [90, 91] 
Here u m are coordinates along K3, g mn is the metric along K3, h represents the action of the Z Z N generator on the coordinates of K3, λ is an arbitrary constant, ǫ 3 = sin ψ dx 4 ∧ dψ ∧ dφ denotes the volume form on a 3-sphere of coordinate radius 2 labelled by the coordinates (x 4 , ψ, φ) and * denotes Hodge dual in six dimensions spanned by the coordinates t, χ, ρ, x 4 , ψ and φ. The constants r 0 , R 5 , J and the volume V of K3 are determined in terms of the charges via the relations
The Bekenstein-Hawking entropy of this black hole can be computed by dividing the area of the event horizon, spanned by the coordinates (χ, x 4 , θ, φ, u), by four times the effective Newton's constant at the horizon, read out from (4.1)-(4.3). The result is:
In order to make the SL(2, R) symmetry of AdS 2 manifest, we define
and change coordinates to τ = Aτ /r 0 . (4.6)
In these coordinates the near horizon metric takes the form
This metric has an SL(2, R) isometry generated by [61]
(4.8)
In order to make connection with the coordinate systems used in (2.1) we need to make a coordinate change
together with some (ρ, τ ) dependent shifts on the coordinates χ and x 4 and then make the analytic continuation t → −iθ. The classical entropy function method [66] , applied to the near horizon geometry with the action (4.1), give the same result for the entropy as (4.4) as expected [90] .
The scaling limit we shall consider is
with Λ large. Also we shall keep the undetermined constant λ fixed as we take the large charge limit. In this limit r 0 grows as Λ, J grows as Λ 3/2 , R 5 and the volume V of K3 remains fixed, and the size a of AdS 2 spanned by (ρ, τ ) as well as the the size of the squashed 3-sphere labelled by (x 4 , ψ, φ) grow as
Thus in this situation we can apply the formalism developed in §2 for computing logarithmic correction to the entropy. For this we dimensionally reduce the theory on the five directions spanned by the coordinates ( u, χ) and regard this as a five dimensional theory living on the space spanned by the coordinates (x 4 , ψ, φ, ρ, τ). We also dualize the 3-form field strength F M N P as well as all other 3-form field strengths to 2-form field strengths so that we can apply the formalism of §2.
Ensemble choice and index from entropy
In this subsection we shall make some comments on the ensemble in which we compute the entropy. As argued in [23] , the quantum entropy function computes the entropy in the microcanonical ensemble in which all charges and angular momenta, which have the interpretation of charges associated with gauge fields in AdS 2 , are fixed. This means in particular that for the BMPV black hole, J iR = 0 and J 3L = J/2. This is exactly analogous to the situation for extremal Kerr black hole as discussed at the end of §3. On the other hand for the Strominger Vafa black hole carrying zero angular momentum all components of J L are associated with gauge charges on AdS 2 and hence we have J iR = 0 and J iL = 0. Now while comparing our result with the microscopic results we need to use a protected index instead of the degeneracy [31, 32, 37, 91, 92] . In the present situation we can consider two different indices. One of them will be defined as 12) where p takes the value 2 for type IIB string theory on K3 × S 1 and the CHL models, but is 6 for type IIB string theory on T 5 . 5 The trace is taken over all states carrying fixed Q 1 , Q 5 , n
The second index will be 5 This agrees with that used in [31, 91] but apparently differs from those in the earlier papers e.g. [32, 37] . For example for type IIB on K3 × S 1 , [32] would have p = 0 whereas for type IIB on T 5 , [37] would have p = 2. This difference can be attributed to the fact that the trace in (4.12) is taken over all the modes of the system, whereas in the definition of the index given in [32, 37] the trace over the D1-D5 center of mass modes was factored out. The definition we are using is in the same spirit as the helicity trace index used in [93, 94] for four dimensional black holes. defined as
where T r denotes that while taking the trace we sum over all states with fixed Q 1 , Q 5 , n and
The difference between the two indices is that the J 2 L value is not fixed in the second index. The two indices are related by a formula similar to (3.13):
(4.14)
It has been argued in detail in [23, 31] that on the black hole side the exponential of the entropy in fact computes an index. This essentially follows from factoring the trace in (4.12) or (4.13) into a trace over the horizon degrees of freedom and the trace over the hair modesmodes living outside the horizon. In particular the hair modes include a set of 2p fermion zero modes associated with broken supersymmetry which are charged under J R but not under J L . from the horizon modes only and remove the contribution of the (macroscopic) hair modes from the microscopic index before comparing the macroscopic and the microscopic results. It will be argued in §5.3 that in the scaling limit that we are considering here, removal of the hair modes from the microscopic index does not change the coefficient of the logarithmic correction to the entropy and hence (4.15) can be directly compared to the microscopic result for the logarithmic corrections.
T r[(−1)
2J 3R (2J 3R ) p ]
Logarithmic corrections
We now describe the macroscopic computation of logarithmic corrections to the BMPV black hole entropy. According to (2.22) If we take J = 0 instead of J ∼ Λ 3/2 then we get two extra massless gauge fields on AdS 2 from the reduction of the metric on S 3 , giving the total contribution to 2π
from the metric to be 6 + 3 = 9. This changes the metric contribution of −21/4 in (4.16) to −27/4, and we get the following result for the logarithmic correction to the entropy: 
Microscopic analysis of the BMPV black hole entropy
In this section we shall derive the microscopic formulae for the index of a black hole in type IIB string theory compactified on K3 × S 1 / Z Z N for N = 1, 2, 3, 5, 7 in various limits. Here the Z Z N symmetry acts by 2π/N units of translation along S 1 and by a geometric transformation on K3 that commutes with 16 supercharges. We also repeat the analysis for type IIB string theory on T 5 .
Expression for the index in type IIB
As in §4 we consider a system of Q 5 D5-branes wrapped on K3 × S 1 / Z Z N , carrying Q 1 units of D1-brane charge wrapped on S 1 , −n/N units of momentum along S 1 and SU(2) L angular momentum J 3L = J/2. We first consider the microscopic index
where the trace is taken over states carrying fixed Q 1 , Q 5 , n and
The expression for d micro (n, Q 1 , Q 5 , J) can be obtained from the known expression for the elliptic genus of the D1-D5 conformal field theory [32] . It will however be convenient for us to begin with the expression for the index of quarter BPS states in the four dimensional theory obtained by compactifying type IIB string theory on K3 × S 1 × S 1 / Z Z N [10, 15, 18] , and then use the fact that the latter is given by placing the five dimensional system we want in the background of a Kaluza-Klein monopole associated with the S 1 compactification
[95]. Thus we simply need to remove [84, 96] from the index of the four dimensional black hole computed in [10, 15, 18 ] the contribution of the Kaluza-Klein monopole, and the contribution from the supersymmetric quantum mechanics that binds the D1-D5 system to the KaluzaKlein monopole, and then multiply this by the contribution from some additional fermion zero modes which are present in the five dimensional system [91] . This gives the microscopic index of such states to be (the N = 1 result was written down explicitly in [31] )
2) where Φ is a known function of its arguments [15] [16] [17] [18] and can be found e.g. in eqs.(C.18) of the review [97] ,
The contour integration over the complex variables ( ρ, σ, v) in ( .2) represents the index associated with the fermion zero modes of the D1-D5 system carrying non-trivial SU(2) L quantum numbers [31, 91] .
Using (4.14) for the microscopic index we can compute the index d micro (n, Q 1 , Q 5 , J) where we also fix
(5.5)
Evaluation of the index
(5.5) may be evaluated by deforming the contours of integration of ( ρ, σ, v) and picking up contributions from the residues at various poles. The leading contribution comes from the residue at [10, 11, 15, 18] 
where Φ has a zero. We now make a change of variables
or equivalently
In these variables we have 9) and the pole at (5.6) is situated at
Furthermore Φ satisfies (see e.g. eq.(C.21) of the review [97] where also all the other properties of Φ and Φ discussed here can be found)
where C 1 is a real positive constant, Φ(ρ, σ, v) is a new function defined e.g in eq.(C.19) of [97] , and k has been defined in (5.3). Using these relations in (5.5) we get the leading contribution to d micro to be
where C ′ denotes a contour around v = 0.
This allows us to evaluate the integration over v in (5.12) using the residue theorem. Making a further change of variables 15) so that near the pole v = 0 we have
we can express (5.12) as
where 1−e −2πτ 1 /τ 2 factor from the last line of (5.18) will be absent. We now consider the limit n ∼ Q 1 ∼ Q 5 ∼ Λ, J 2 ∼ Λ 3 , with large Λ. In this case
and the leading contribution to (5.17) as well as systematic corrections to this formula can be found using saddle point method. The saddle point values of τ 1 , τ 2 at the leading order, obtained by extremizing the exponent of the first exponential in (5.18) with respect to τ 1 , τ 2 , are given by
Substituting this into the exponential of the first exponent in (5.18) we get the result
which is the leading contribution to the entropy given in (4.4). In order to calculate the logarithmic corrections to the entropy we first note that the integration over the τ 1 , τ 2 coordinates run along the imaginary τ 1 , τ 2 directions [97] . In these directions the first exponential term in (5.18) is sharpely peaked around the saddle point with a width of order ∆τ 20) which can be found by studying the second derivative of the term in the exponent with respect to (τ 1 , τ 2 ). The logarithmic corrections to the log of the index come from the following factors in (5.17), (5.18) containing powers of Λ:
Note that in order to extract the small τ behaviour of g(τ ), given in the fourth line of (5.21), we need to make use of the modular properties of the η-functions appearing in (5.14) . Multiplying the various factors in (5.21) we get a net contribution of
The term in the exponent on the right hand side of (5.22) We can also consider the case when J ∼ Λ The above analysis needs some modification when J vanishes exactly since the factor 1 − e −2πτ 1 /τ 2 vanishes at the saddle point. In this case we proceed by expanding this in a power series in τ 1 :
Substituting this into (5.17), (5.18) we see that the contribution from the term linear in τ 1 vanishes by τ 1 → −τ 1 symmetry of the rest of the integrand. 7 The term proportional to (τ 1 ) 
Removal of the additional hair contribution
It has been argued in [91, 98] that some hair degrees of freedom may live outside the horizon of the black hole and hence their contribution must be removed from the microscopic partition function before we can compare the results to the macroscopic index associated with the horizon degrees of freedom. The hair modes for a BMPV black hole in type IIB string theory on K3 × S 1 were analyzed in [98] . A similar analysis is also possible for the orbifold models.
It was found in [98] that the hair mode contribution to the partition function includes a factor of (e πi v − e −πi v ) 4 associated with the fermion zero modes carrying J 3L charge and also a ρ dependent factor h( ρ) associated with the modes of the gravitino field. Thus we must multiply the integrand in (5.5) by a factor of (e πi v − e −πi v ) −4 (h( ρ)) −1 . Now it follows from (5.16) that at the saddle point We shall now briefly discuss the microscopic computation of the index in type IIB string theory on T 5 . In this case the known microscopic index is [31, 37] 28) where, as before, we take the trace over states with fixed Q 1 , Q 5 , n and J 3L = J/2, but all
Explicit computation gives this index to be [37] d micro (n, Q 1 , Q 5 , J) ≃ (−1)
up to exponentially suppressed terms. As in (5.5) we can find the index d micro for fixed Q 1 ,
+ 1 by inserting in the integrand a factor of (1 − e −4πiv ):
We now consider the scaling limit: 31) and try to evaluate the integral using saddle point method. Anticipating that at the saddle point τ is small and v ∼ 1, we can approximate the integral by
Extremizing the integrand with respect to v and τ we find the approximate saddle point in the range 0 ≤ Re(v) < 1 at [31]
where · · · denote subleading terms. The value of the integrand at this saddle point is
This gives the leading contribution to d micro (n, Q 1 , Q 5 , J). To examine the logarithmic corrections we determine the various powers of Λ coming from different terms in (5.32):
where ∆v and ∆τ denotes the range of v and τ integration beyond which the integrand falls off sharply. Taking the product of these factors we get the net power of Λ in the expression for the index: If we instead set J = 0 then the relevant index for comparison with the macroscopic result d micro . In this case special care is needed to deal with the factor of (1 − e −4πiv ). Since this vanishes at the saddle point, we expand it to second order in fluctuations about the saddle point and replace it by a term of order ∆v 2 ∼ Λ −3/2 . This gives a net contribution of 38) to d micro . Again this agrees with the macroscopic result (4.18) for n V = 27. However if we had considered the index d micro we would have gotten the result (5.37) which would disagree with the macroscopic result. This again illustrates the necessity for making the correct choice of ensembles while comparing the microscpic and the macroscopic results.
Comparison with the Cardy limit
Since the success of the black hole microstate counting is often associated with the Cardy formula -applicable for n → ∞ limit at fixed Q 1 , Q 5 -we shall analyze in this subsection the logarithmic correction to the entropy in the Cardy limit. For this we consider the scaling
with Q 1 , Q 5 fixed. Eq.(5.19) shows that in this limit
Thus the logarithmic correction to ln d micro comes from the terms:
Note that we now need to use the modular property of the η-functions appearing in (5.3) to find the behavior of f 1 for small value of its argument. Taking the product of all the factors we get 42) which is quite different from (5.24). In particular there is no dependence on n V . This shows that the Cardy limit is not always reliable for extracting the black hole entropy in the limit 9 If we had been considering the elliptic genus of symmetric products of K3 -which is a weak Jacobi form of weight zero -then for α = 0 we should have gotten a power correction of order n −1 ∼ Λ −3 [38] . However the contribution from the center of mass oscillation modes turns the elliptic genus into a (meromorphic) weak Jacobi form of weight two, and kills the logarithmic term in the asymptotic expansion of the Fourier coefficients.
where the supergravity approximation is reliable. Similar observations have been made earlier in [31, 84] , and it has in fact been argued in [31] that the limit Q 1 Q 5 >> n is related to the Cardy limit of a different CFT that appears in the dual type IIA description.
We can also consider a similar limit for the formula (5.30) for type IIB string theory on T 5 .
From (5.30) we see that the index depends only on the combination Q 1 Q 5 n and not individually on Q 1 , Q 5 and n. Thus in this case scaling n by Λ 3 keeping Q 1 and Q 5 fixed is equivalent to scaling Q 1 , Q 5 and n by Λ, and we get a result identical to (5.36):
6 Slowly rotating black holes
In the macroscopic analysis of §4 we have considered two kinds of cases -(i) when the angular momentum is large so that its contribution to the classical Bekenstein-Hawking entropy scales in the same way as that from the charges, and (ii) when the angular momentum vanishes.
In this section we shall consider some cases when the angular momentum is non-zero but parametrically small so that it gives negligible contribution to the classical Bekenstein-Hawking entropy. This analyis will however require us to make some assumptions about the spectrum of the kinetic operator in the near horizon geometry of a slowly rotating black hole. For this reason the results of this section should be regarded as somewhat tentative.
Slowly rotating BMPV black holes
The microscopic analysis for BMPV black holes yields the result for the index in the scaling limit
−α for some positive number α -as given in eqs.(5.24) and (5.36). Since J/Λ 3/2 is the parameter that controls the deviation of the black hole solution from the rotationally invariant configuration, our first guess will be that the partition function on the macroscopic side can be computed using perturbation expansion in J/Λ 3/2 around the rotationally invariant configuration J = 0. Furthermore, one would naively expect that the corrections to the non-zero eigenvalues would have negligible effect for small J/Λ 3 2 and we only need to take into account the shift in the zero eigenvalues using perturbation theory. This would produce small but non-zero eigenvalues, and, as a result, compared to the case of J ∼ Λ 3/2 , the one loop determinant will get some extra power of J/Λ 3 2 from the small eigenvalues. However this naive expectation is not quite correct due to the following reason. We recall that the zero modes which are lifted by switching on J are the ones associated with the W ± L gauge fields on AdS 2 arising from SU(2) L . Now a non-zero J corresponds to switching on a constant U(1) L electric field along AdS 2 . Since the W ± L fields are charged under the U(1) L , any quantum of W ± L will be subject to a constant force in the presence of a U(1) L electric field. Hence we cannot use perturbation theory to study the effect of the switching on a U(1) L electric field on the zero modes of W ± L -we expect these zero modes to be lifted altogether in the presence of non-zero J.
10 While we do not have a concrete analysis of the eigenvalue equations in the new background, it is natural to assume that all the modes, except the exact zero modes which are in any case neutral under U(1) L , will have eigenvalues of order a −2 . In other words the effect of switching on even a small J takes us to back to the case of generic J/Λ 3/2 ∼ 1, ı.e. gives a logarithmic correction to ln d macro (n, Q 1 , Q 5 , J) given in (4.16). Using the fact that S BH given in (4.4) satisfies
−α , we see from (4.17) that the logarithmic correction to d macro (n, Q 1 , Q 5 , J) now takes the form:
(n V −3+4α) ln Λ+··· .
(6.2) This agrees with the microscopic result (5.24) and also with (5.36) for n V = 27.
Slowly rotating extremal Kerr-Newmann black hole in four dimensions
In this subsection we shall briefly discuss the case of slowly rotating extremal Kerr-Newmann black hole in four dimensional Einstein-Maxwell theory. For zero angular momentum, ı.e. for Reissner-Nordstrom black hole, the result for the logarithmic correction was calculated in [27] with the result:
if the theory contains, besides the metric and the Maxwell field under which the black hole is charged, n S minimally coupled massless scalar fields, n V minimally coupled additional massless 10 This is corroborated by the fact that if in (A.2) we replace dΦ (ℓ) by DΦ (ℓ) where D denotes the gauge covariant derivative for the W ± L fields in the background of U (1) L electric field, then the modes cease to be square integrable.
vector fields and n F minimally coupled massless Dirac fermions. Here A H ∼ a 2 is the area of the event horizon and we have set the Newton's constant G N to unity.
Let us now consider the effect of deforming the solution so that the black hole carries not only electric charge q but also angular momentum J while remaining extremal. The near horizon geometry still contains an AdS 2 factor [61, 62] , but the SO(3) isometry of the near horizon geometry is now broken to U(1) and as a result from the dimensional reduction of the metric we get only one massless gauge field on AdS 2 instead of three. The departure of the metric from that of the Reissner-Nordstrom black hole is given by the rotation parameter γ ≡ J q 2 . (6.4)
We shall work with γ small (but still J large) so that the geometry is almost that of the extremal Reissner-Nordstrom black hole. Following the discussion in §6.1 we shall assume that the effect of switching on even a small γ will be to get rid of the zero modes of two of the three gauge fields coming from the unbroken SO(3) isometry of the non-rotating black holes and make all the eigenvalues, except those associated with the exact zero modes, of order a −2 . In the language of this paper, this translates to the fact that 2π Note that we have used the fact that for non-zero angular momentum the macroscopic computation yields the degeneracy d macro (q, J) in the ensemble of fixed J 3 = J, instead of d macro (q, J)
which will be the degeneracy in the ensemble of fixed J 3 = J and J 2 = J(J + 1). However we can use (6.5) and the result for the classical Bekenstein-Hawking entropy:
S BH (q, J) = 2π q 4 + J 2 = 2π q 2 1 + 1 2 This can be derived using the fact that due to homogeneity of AdS 2 this sum is independent of x and hence can be evaluated at η = 0, and that at η = 0 only the ℓ = ±1 terms contribute to the sum. Thus the total number of such zero modes of a vector field on AdS 2 is given by A similar analysis can be done for a symmetric rank two tensor representing the graviton fluctuation on AdS 2 . The normalized basis of zero mode deformations is given by [99] h mn = w (1 + cosh η) |ℓ| e iℓθ (dη 2 + 2 i sinh η dηdθ − sinh 2 η dθ 2 )
ℓ ∈ Z Z, |ℓ| ≥ 2 . (A.7)
We have derived this using the fact that due to homogeneity of AdS 2 this sum is independent of x, and that at η = 0 only the ℓ = ±2 terms contribute to the sum. Thus as in (A.5) the total number of such discrete modes is given by The zero modes of the gravitino fields ψ m can be expressed in terms of the spinors (A.12) via the relations 14) where N We now use the fact that after taking the sum over k the integrand must become independent of (η, θ) and hence we can evaluate it at η = 0. In this case the only contribution comes from the k = 1 term. Substituting k = 1, λ = i in (A.12) and choosing the normalization constant N ± 1 so that ξ (A. 19) 
